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ABSTRACT

In this paper we discuss some relationship between Laplace transform , Elzaki

transform and Mahgoub

Transforms .We solve first order ordinary differential equations using both transforms and show that Elzaki
transform and Mahgoub transform are closely connected with the Laplace transform.

Keywords: Laplace transform ,Sumudu
Differential equations.

1. Introduction

Recently, In 2016 Mahgob introduced a
useful technique for solving ordinary &
partial differential equations in the time
domain [1]. Hassan Eltayeb, introduced some
relationship between Sumudu and Laplace
transforms, further; for the comparison purpose
and applied both transforms to solve
differential equations to see the differences and
similarities[2]. In 2016 , P.R.Bhadane observed
in  that the new method using Elzaki
transform was presented to solve system of
homogeneous and non-homogeneous linear
differential equations of first order and
first degree with constant coefficients and
satisfying some initial conditions. The
solution obtained for the system of
homogeneous and non-homogeneous linear
differential equations of first order and first
degree is also discussed. These results prove
that the Elzaki transform new method is quite
capable, well appropriate to solve such types
of problems[5].

Recently In 2016 Abdelbagy A. Alshikh,
Mohand M. Abdelrahim Mahgob discussed
some  relationship  between  Laplace
transform and the new two transform called
ELzaki transform and Aboodh transform and
solved first and second order ordinary
differential equations using both transforms,
and show that ELzaki transform and Aboodh
transform are closely connected with the
Laplace transform[3]. In 2007 , Jun Zhang
discussed An algorithm based on Sumudu
transform was developed. The algorithm can

transform, Elzaki Transform , Mahgoub Transforms

be implemented in computer algebra systems
like Maple. It can be used to solve differential
equations of special form[7]. In 2010, Hassan
Eltayeb and Adem Kilicman introduced some
relationship between Sumudu and Laplace
transforms, further; for the comparison purpose
and applied both transforms to solve
differential equations to see the differences and
similarities. Finally, he

provide some examples regarding to second
order differential equations with non constant
coefficients as special case[8].

In this paper, the basic theory of solutions
of system of linear differential equations of
first order and first degree by Laplace
transform, Elzaki transform and Mahgoub
Transforms are discussed and it is showed
that the three methods are powerful and
efficient to find the solution of system of
linear differential equations of first order and
first degree with constant coefficient and
satisfying some initial conditions.

2. Definitions and Standard Results

2.1 The Laplace Transform:

Definition : If f(t) is a function defined for all
positive values of t,then the Laplace Transform
is defined as

LIf(W] =F(s)=[, e f(t)at

Provided that the integral exists.Here the
parameter s is a real or complex number.The
corresponding inverse Laplace transform is
that the integral exists.Here the parameter s is a
real or complex number.The corresponding
inverse Laplace transform is
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L™Y[F(s)] = f(t).Here f(t) and F(s) are called

as pair of Laplace transforms.
2.1.1 Laplace Transform of some functions :

M LO5=FE)

Inversion Formula : L™ (E} = 1= f(t)
(i) L=

Inversion Formula : L™* (3,11){._) = % = f(t)
(i) L(e®™)===F(s)

= F(s)

Inversion Formula : L™ ( - ) = e = f(t)

E—a
(iv)  L(sin(at)) = == = F(s)
Inversion Formula
FHmm) =
(v)  L(cos(at)) = == = F(s)
Inversion Formula

L™ (5=) = cos(at) = £(¢)

2.1.2 Laplace Transform of derivatives :
() L[f'(8)] = sF(s) — £(0)

(i) L[F"(8)] = s*F(s) — sf(0) — £'(0)
2.2 The Elzaki Transform :
Definition :

Over the set of functions,
El

= {f(t)/ IM, 7,7, > 0,IF(D)] < Me™,if t € (—1)’ X
, the Elzaki transform is defined by

E[f(O] = T () = u._ru“’f(rje’fdr = 0,K1 <u=K20=t= o

Elzaki Transform of some functions :

1) E(1)=u® =T (u)

Inversion Formula : E~(u®) =1 = f(t)

i) E(t")=nl IL”+:=T[IL]

Inversion Formula : E~Y(u"*?) = :T = f(t)

iii)y  E(e™)=2—=T(w)

Inversion Formula : E™* (1 ﬁ ) =e% = f(1)
1v) E(sinat)=— —T(uj

Inversmg Formula

E () = = =/

V) E(cos [at])— AE =T(u)

Inversion Formula
E7 (5) = cos (at) = £(1)

Elzaki Transform of derivatives :

T — uf (o)
—u. f'(0)
2.3 Mahgoub Transform :

Definition :

A new transform called the Mahgoub
transform defined for function of exponential
order we consider functions in the set A

defined by :

Il
A={f(t)/ IM, 1,1, = 0,|f(t)| < Me™,if t € (—1)¢ X [0,00)}
For a given function in the set A, the constant
M must be finite number ,k,, k; may be finite

DELF (D)=

L

or infinite. The Mahgoub transform denoted by

the operator M(.) defined by the integral

equations

M[f(t)]= H

(V=v [Te ™ f(Ddt. t =0 k, v <k,
3)

Mahgoub Transform of some functions :

i) M (1)=1=H(v)

Inversion Formula : M™(1) =1 = f(t)

i) M C)=H ()

Inversion Formula : M _l(f—.l) = t" = f(t)

iii) M (e%)=—=H(v)

Inversion Formula : M_l( . ) = e = f(t)

v

iv) M (sinat)= ﬁzﬂ (v)

Inversion Formula
_J_ sinat
(x2s) = —f(t]
V) M (cos [at])— T = H(v)
Inversion Formula

M (52=) = cos (at) = (1)

Mahgoub Transform of derivatives :

() M[f'(t)]=vH(v) — vf(0)

()M [f"(O)]=v?H(v) —vf'(0) —v?f(0)
3. Application :

In this section, the effectiveness and the
usefulness of Laplace, Elzaki and Mahgoub

transform technique are demonstrated by
finding exact solution of a system of
homogeneous and non homogeneous Linear
differential equations of first order and first
degree with constant coefficients and
satisfying some initial conditions.
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Example : (1) Find the solutions of the system

of equations
dx/dt +y = 2cost
4)
dyv/dt —x =1
(%)
With initial conditions x(0) =
-l and y(0)=1
Solution: Applying the Laplace transform of
both sides of Eq. (4) and &)

L[dx/ dt] + L[y] = 2L[cost]
L{dy/dt] - L[x] = L[1]
Since L[x(t)] = F,(s) and L[y(t)] = F,(s)
sF,(s) — x(0)+ F,(s) =2/(s*+ 1)

(6)
sFy(s) —y(0) + Fi(s) =1/s

(7
Solving these equations for F, (s)and F,(s) ;

Fi(s)=2s%/(s*+ 1) —1/s(s* +1)—1/(s* +1)—5s/(s*+ 1)

(8)
F(s)=2s/(s*+ 1) + s/(s°+1)

)
Appling Inverse Laplace transforms.

Thus required solution of given differential
equations are

x(t) = tecost — 1 and y(t) = tsint + cost

(10)
2: Applying the Elzaki transform of both
sides of Eq. (4) and (5)
E[dx/ dt] + E[v] = 2E[cost]

(11)
E[dy/dt] — E[x] = E[1]

(12)
Since E[x(t)] = T,(u) and E[y(t)] = T, ()

T, (u)/u— ux(0)+ To(u) = 2u* / 1+ u°
(13)
T,(uw)/u —uy(0) + T, (u) = u?
(14)
Solving these equations for T, (w)and T, ()
Then Appling Inverse Elzaki transforms.

Thus required solution of given differential
equations are

x(t) = tecost — 1 and y(t) = tsint + cost
3: Applying the Mahgoub transform of both
sides of Eq. (4) and (5)
M[dx/ dt] + M[y] = 2M[cost]
(16)

M[dy/dt] — M[x] = M[1]

(17)
Since
M[x(t)] = Hy(v) and M[y(t)] = H,(v)
vH, (v) — vx(0) + H,(v) = 2v*/(v* + 1)

(18)
vH,(v) — vy(0) + H,(v) = 1
(19)
Solving these equations for H, (v) and H,(v)
Then Appling Inverse Mahgoub transforms.

Thus required solution of given differential
equations are

x(t) = tecost — 1 and y(t) = tsint + cost

(20)
Example : (2) Find the solutions of the system
of equations
dx/dt +ay=20
2
dyv/dt —ax =0

(22)

With initial conditions x(0) = ¢, and y(0) =
c;,where ¢y, ¢, are arbitrary constants.

Solution: Applying the Laplace transform of
both sides of Eq. (21) and (22),
Lldx/ dt] + aL[y] =0

(23)
Lldy/dt] —alL[x] =0

(24)
Since L[x(t)] = F,(s) and L[v(t)] = F,(s)

sFi(s)—c,+aF(s)=10

(25)

sF(s) —c, —aF,(s) =0
(26)
Solving these equations for F, (s)and F,(s) ;
S it ;S
F(s)= e and F,(s) = i

Appling Inverse Laplace transforms, we get general solution of given dif ferential equations are

x(t) = c,cosat — c,sinat  and y(t) = c;sinat + c,cosat
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(27)
Squaring and adding ,we get
4+ yi=¢%+¢’ which represents a
circle. (28)

2: Applying the Elzaki transform of both
sides of Eq. (21) and (22),
E[dx/ dt] + aE[y] =0

(29)
E[dy/dt] —aE[x] =0

(30)
Since E[x(t)] = T,(w) and E[y(t)] = T, (u)
T, (u)/u—ux(0)+ al,(u) =0

(31
To(u)/u—uy(0)— alT;(u)=0
(32)
Solving these equations for T, (w)and T, ()
Then Appling Inverse Elzaki transforms.

Thus required solution of given differential
equations are

x(t) = ¢ cosat — c,sinat  and y(t) = c;sinat + «;cusue

(33)

3: Applying the Mahgoub transform of both
sides of Eq. (21) and (22),
M[dx/ dt] + aM[v] =0

(34)
M[dy/dt] —aM[x] =0

(35)
Since
M[x(t)] = H,(v) and M[y(t)] = H,(v)
vH,(v) —vx(0) + aH,(v) =0

(36)

vH,(v) — vy(0) — aH,(v) =0

(37)

Solving these equations for H,(v) and H,(v)
Then Appling Inverse Mahgoub transforms.

Thus required solution of given differential
equations are

x(t) = ¢,cosat —c,sinat and y(t) = ¢,

(38)

Example : (3) Find the solutions of the system
of equations

dx
—-I—'!.?=er
dt -

40
(Wi)th initial conditions x(0) = 0 and y(0) =0
Solution: Applying the Laplace transform of
both sides of Eq. (39) and (40),
L[dx/ dt] + L[y] = L[e" ]
(41)
L[dy/dt] — L[x] = —L[t]
(42)
Since L[x(t)] = F,(s) and L[v(t)] = F,(s)
sFi(s) —x(0) + K(s) =1/(s —1)
(43)
sF,(s) —y(0) — F(s) = —1/s*
(44)
Solving these equations for F, (s)and F;(s) ;
F(s)=(s"+s—-1)/s*(s—1)*(s+1)
(45)
F(s)=1-2s/s(s—1)*s+1)
(46)
Appling Inverse Laplace transforms.

Thus required solution of given differential
equations are

x(t)=e® f/2—1/2cost — 1/2sint and y(t)=—1+e /2+1/2cost — 1/2sint

(47)
2: Applying the Elzaki transform of both
sides of Eq. (39) and (40),
E[dx/ dt] + E[y] = E[e" ]

(49)
Eldy/dt] — E[x] = —E[t]

(50)
Since E[x(t)] = T, (u) and E[y(£)] = T,(u)
T, (u)/u—ux(0)+ T, (u) = v /(1 —u)

(50)
T,(uw)/u —uy(0) — Ty (u) = —u®
6y

sinat + §pi¥itE these equations for T, (w)and T, (1)

Then Appling Inverse Elzaki transforms.

Thus required solution of given differential
equations are
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x(t) = e /2— 1/2cost — 1/2sint
(52)

3: Applying the Mahgoub transform of both
sides of Eq. (39) and (40),
M[dx/ de] + M[y] = M[e* ]

(53)
M[dy/dt] — M[x] = —M[t]

(54)
Since
M[x(t)] = H,(v) and M[y(t)] = H,(v)

vH, (v) —vx(0) + Hy(v) = v/(v—1)

(35)
vH,(v) —vy(0)— H,(v) = —1/v

(56)
Solving these equations for H, (v) and H,(v)
Then Appling Inverse Mahgoub transforms.

Thus required solution of given differential
equations are

x(t) = e /2— 1/2cost —1/2sint and y(t) = —1+e" /24 1/2cost — l/%sj:%

(57)
Example : (4) Find the solutions of the system
of equations
dx _
; =x+ ¥y

(58)
= 2x + 4y
dt -

(59)

With initial conditions x(0) = 1 and y(0) =2
Solution: Applying the Laplace transform of
both sides of Eq. (58) and (59),

Lldx/dt] = L[x] + L[v]
(60)
L{dy/dt] = 2L[x] + 4L[y]
(61)
Since L[x(t)] = F,(s) and L[y(t)] = F.(s)

sF,(s) — x(0) = F,(s) + F,(s)

(62)
SF,(s) = ¥(0) = 2F, (s) + 45 (s)

(63)
Solving these equations for F, (s)and F, (s)
and Appling Inverse Laplace transforms,we get

Thus required solution of given differential

and y(t) = equatngare 1/2cost — 1/2sint
x(t)=e* —2eF —2t+1andy(t) =e* +4e "+ 2t -3

(64)

2: Applying the Elzaki transform of both
sides of Eq. (58) and (59),
Eldx/dt] = E[x] + E[y]
(65)
E[dy/dt] = 2E[x] + 4E[y]
(66)
Since E[x(t)] = T,(w) and E[y(t)] = T, (u)

T, (w)/u— ux(0) = T (1) + T, (1)

(67)
T,(w)/u —uy(0) = 2T, (u) + 4T, ()

(69)
Solving these equations for T, () and T,(u)
Then Appling Inverse Elzaki transforms.
Thus required solution of given differential
equations are
x(t)=e¥ —2e T —2t+1landy(t) =e¥ +4e "+ 2t—3

(70)

pplying the Mahgoub transform of both
sides of Eq. (58) and (59),
M[dx/dt] = M[x] + M[y]

(71)
M[dy/dt] = 2M[x] + 4M[y]

(72)
Since
M[x(t)] = Hy(v) and M[y(t)] = H,(v)
vH, (v) —vx(0) = H,(w) + H,(u)

(73)
vH,(v) — vy(0) = 2H,(u) + 4H,(u)

(74)
Solving these equations for H, (v) and H,(v)
Then Appling Inverse Mahgoub transforms.
Thus required solution of given differential
equations are
x(t)=e* —2e " —2t+landy(t) =e* +4e "+ 2t—3

(75)

4. Conclusion

The main goal of this paper is to conduct
Comparison between Laplace, FElzaki and
Mahgoub Transforms for Solving system of
First order First Degree Differential Equations
.The three methods are powerful and
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efficient and Elzaki and Mahgoub Transforms
is a convenient tool for solving Solving
system of First order First Degree differential

equations
need for performing an
transform
transform.

1.

in the time domain without the
inverse Elzaki
and inverse a  Mahgoub
Therefore connection of Elzaki
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